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Abstract: This paper devotes to the asymptotic behavior of all solutions of nth order impulsive differential equations. Based on
impulsive differential inequality, boundedness and zero tendency of every solution for nth order impulsive differential equations
are obtained. In addition, we derive globally uniformly exponential stability of every solution under Lyapunov function and
impulsive technique, and these results are extend to nth order differential equations with periodic coefficient and periodic impulse.
Meanwhile, an example with simulations are provided to verify the conclusion.
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1. Introduction

Due to the abrupt changes at certain moments, impulsive
effects are common phenomena in natural world. Such
phenomena are described by impulsive differential equations
which have been used efficiently in modelling many real world
problems that arise in the fields such as medicine, electronics,
and network [1-7]. The behavior of all solutions is an
important issue of impulsive differential equations. Therefore,
much effort has been made to investigate the oscillation criteria
and the asymptotic behavior of all solutions of impulsive
differential equations [8—16]. For instance, in [9], the authors
investigated the asymptotic behavior of solutions of second
order nonlinear impulsive differential equations. The authors
[14] obtained the results of Razumikhin and Krasovskii
stability of impulsive stochastic delay systems via uniformly
stable function method. However, the behavior results of
solutions for impulsive differential equations mainly focus on
first order impulsive differential equations and second order
impulsive differential equations. For higher order impulsive
differential equations, the asymptotic behavior and stability of
solutions has been little discussed.

Motivated by the above discussions, this paper is to study
the asymptotic behavior of n order impulsive differential
equations. By constructing appropriate Lyapunov functions

and impulsive technique, the bounded property and zero
convergence of every solution are obtained, which means that
impulsive effects play an essential role in the behavior of nth
order impulsive differential equations. Meanwhile, an example
with simulations is provided to demonstrate the applicability of
our results.

The rest of this paper is organized as follows. nth order
impulsive differential equations is presented in Section 2. In
Section 3, asymptotic behavior results of nth order impulsive
differential equations are derived. A numerical example is
given to demonstrate our results in Section 4 and Section 5
concludes the paper.

2. Model Description and Preliminaries

Consider the following nth order impulsive differential
equations

e (th) = L (2D (t)), (1)
i= 0,1, n—1,k=1,2---,

where t,k = 1,2,--- are impulsive moments satisfying

0=ty <t < - <t <tgyr <---, lim tx = 4o0,
k—4oc0
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20D (ty +h) — x(i_l)(t;r)

#0(H) = hli%h h a@(ty) =
(i—1) _ . (i—1)

lim ~ (b th) =2 (tk), p(t) is continuous and

h—0~ h

differentiable function on [0, +00), I;;(-) are continuous in R
and there exist positive numbers dj, such that |I;(x)| < dg|z|.

By a solution z = z(t), we mean a real function on [0, +00)
satisfies that 2(") (t) + p(t)z(t) = 0 at each point ¢ € [0, +-00
with the possible exception of the points ¢ # ¢, and 2V () =
L (2 (t)) for any t.

Lemma 1. ([9]) Assume that [(¢) is a continuous function
on [0, 400). If there exist positive numbers vy, k = 1,2, - -

te+¢
In vy +/ I(s)ds < ¢,V€ €[0,7] (2)
tk
then
b
Inh(t) < —;t + max{b+¢,0},¢t >0, (3)
where h(t) = ] o exp(fot I(s)ds

0<tp<t
Lemma 2. ([9]) Assume that [(t) is a continuous function
on [0, 400). If there exist positive numbers vy, k = 0,1, --

and constants v > 0, b > 0, ¢ such that for {511 — tr, < 7, ?nizwev{l,?_,;- }l?:i(:)i(l)&tc) ;do such that for tj1; =
1D’Uk+£k+ll Yds < —b and k Pk Tk B
t+w
In( H vg) + / I(s)ds < —=b,Vt >0, (4)
t<ty <ttw t
then
Inh(t —2t 4+ b+ max {|In v +w max {|{(¢)|},t >0,
() <=L+ ma (T wl) + e max (0O o)
here h(t) = s)d b N
where h(t) 0§g<tvk exp( [y U(s)ds). an =d2- - di—ﬁXP(/o #(s)ds), p(s) = max{2,1 +
P*(s)}

3. Asymptotic Behavior Analysis

In this section, some criteria on asymptotic behavior results
of (1) are established under Lyapunov functions and impulsive

technique.
Theorem 1. If there exists M > 0 such that o,, < M,
n=1,2,---,thenevery solution x(¢) of (1) is bounded, where

Proof. For every solution z(t) of (1), we construct a
Lyapunov function

n—1

= P (6)

=0

V(t)

In view of system (1), we have

= i 2E(0)] = 200 (1) [p()a(0)] +2 Z al0)
< ”Z—:{[ D)) + [0} + p* ()" (0)) + 2%(t) (7)
-y 2z + [1+ p* )] [z ()] < BV (1)
=0
When t = ¢;,, we have Thus "
n—1 . n—1 " V(t1) <V(0) exp(/0 p(s)ds). (10)
+) — 2O ()2 = (x i 2
V) =S =TI e
<n_1d2 2O ()% = 2V (ty). t
= & e = V) Vo) < Ve[ s
For t € [0,t1], by (7), it yields that < 2V (t1) exp ff (s)ds)
K < V(0)d? exp(/ p(s)ds + /tﬁ(s)ds) (1)
V() < VOesn( | i), ©) = ViOdiew( | s

=V(0)d? exp(/o p(s)ds).
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By induction, for ¢ € [t,_1, t,], we conclude that

V) VO el | ps)ds)
VOB ep(f sy P
=V(0)a,

Since sequence |a,| < M, we can conclude that every
solution z(t) of (1) is bounded.

Theorem 3. 1f there exist a > 0, M > 0 such that p(t) > a
and 8, < M, n = 1,2,---, then every solution z(¢) of (1)

t‘ll,
is bounded, where 3, = d? - --- - d2_, exp( / p(s)ds),
0
_ p(s)
s) = max{2,2p(s) + —=}.
p(s) {2,2p(s) o05) }

Proof. For every solution z(t) of (1), we construct a
Lyapunov function

Theorem 2. If lim a,, = 0, then every solution x(t) ne1
of (1) satisfies gg;?t) — 0, where ap = &2 - --- - V(t) = p(t)a*(t) + ;[w“)(t)F (13)
d7, _ exp( /0 ; p(s)ds), p(s) = max{2,1 + p*(s)}. In view of system (1), we have

Vit) =p (t)a*(t) + 2p(t)x +2Z D)2 ()]
=p (t)a(t) + 2p(t)x )+2 Z @62V (0] + 220D (1) [=p(t)z (1))
<p (2(8) + P20 ()2(8) + [ ()] + 22{ D@ + V@) + [TV P (0)2(2) (14)
= [2p(t) + *(t) +2n§[w(")(t)]2 _

= (@2p(t) + Bt

< p(t)V (t).

According to the proof of Theorem 1, we can conclude that
every solution z(t) of (1) is bounded.

Theorem 4. 1If there exists a > 0 such that p(t) > a
and hm Brn = 0, then every solution x(t) of (1) satisfies

n— .
@2y exp / p(s)ds),
0

+22

lim z(t) = 0, where 8, = d? - - --

t—o0
s
pls) = max(2.2p(9) + ).
Theorem 5. If there exist ¢y > 0, ¢ > 0 such that
Inhy(t) < —cit + co, then every solution z(t) of (1)

is globally uniformly exponentially stable, where hq(t) =

T & exo / B(s)ds), (s) = max{2, 1+ p*(s)}.
0<tp<t

Proof. For every solution xz(t) of (1), we construct a Lyapunov
function

n—1

V(t) =Y D)

=0

(15)

Based on the proof of Theorem 1, for ¢ € [t,_1,t,], We

have
V() < VO d exp( / ~<s>ds>
=V(©0) II d2exp(f, i( (16)
0<tp<t
=V(0)hi(t) < V(O)eczefclt,

which implies that every solution x(¢) of (1) is globally
uniformly exponentially stable.

Theorem 6. If there exist a > 0, cg > 0, ¢4 > 0 such that
p(t) > aand In hy(t) < —cst+ cy, then every solution z(t) of
(1) is globally uniformly exponentially stable, where ha(t) =

H d; exp / p(s)ds), p(s) = max{2,2p(s) + M}
0<tj<t p(s)

By using Lemma 1 and Lemma 2, together with Theorem
5 and Theorem 6, we can obtain the following practical
theorems.

Theorem 7. If there exist 7y

try
k:172,--~,tk+1—tkSﬁl,lndk—i—/ p(s)ds < —by

tr

41 > 0, by > 0, & such that for

and

tr+&1 _
Indy, +/ ﬁ(s)ds < El,Vfl S [0,’_}/1] (17)

tr
then every solution xz(¢) of (1) is globally uniformly
exponentially stable, where
p(s) = max{2,1 + p?(s)}.
Theorem 8. If there exist a > 0, 7, > 0, by > 0, G, such that

tht1 B
for p(t) > a, tir1 — ti < 7o, lndﬁ +/ p(s)ds < —by
tr
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and

te+E&o B
In d% —|—/ p(s)ds < 9,V € 10,72], (18)

tr

then every solution z(t) of (1) is globally uniformly
exponentially stable, where

P (s) Y

p(s) N
Theorem 9. If there existi € {1,2,---}andw > 0,67 > 0

such that ty4; = t; + w, dg4; = dg, p(t + w) = p(t) and

p(s) = max{2,2p(s) +

t+w ~
W [ &+ / B(s)ds < b1, ¥t >0,  (19)
t

t<tp<t+w

then every solution z(¢) of (1) is globally uniformly
exponentially stable, where

A(t) = max{2, 1+ p*(1)}.
Theorem 10. 1If there exist ¢ € {1,2,---} and a > 0

{

where p(t) is periodic function with periodic w = 2, and

p(t) = {

the impulsive effects with periodic 1 are defined by

z (t) + p(t)z(t) = 0,t > 0, # ty,
2(tf) = dea(ty)),x () = diea’ (b)), k = 1,2,
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w > 0,by > 0 such that p(t) > atpri =ty + w,dk+; = di,
Pt +w) = p(t) and

t+w ~
m( [ d¥) +/ p(s)ds < —ba, ¥Vt >0, (20)
t<tp<ttw ¢

then every solution xz(¢) of (1) is globally uniformly
exponentially stable, where

P (s)
p(s) )

p(s) = max{2, 2p(s) +

4. Numerical Simulations

This section presents an example to demonstrate theoretical
results for asymptotic behavior of nth order impulsive
differential equations.

Example 1. Consider the following second order impulsive
differential equations:

tgao =t + 1,81 = 0.2,dor, = 0.2, dop+1 = 1.25, k = 0,1, ---. By computation, we have

p(t)

and

t+2
m( [ ) +/t p(s)ds < 0,¥t > 0.

t<tp<t+2

(21)
0,t €[0,0.5),
2,t € [0.5,1],
2,t €10,0.5),
5.t € [0.5,1]
(22)

It follows from Theorem 9 that every solution x(¢) of (1) is globally uniformly exponentially stable. Figure 1 depicts impulsive
sequence with period 1. Figure 2 depicts state trajectory x(t) of system (21).

15
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Figure 1. Impulsive sequence with periodic 1.
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Figure 2. The state trajectory z(t) of (21).

5. Conclusions

In this paper, asymptotic behavior of n order impulsive
differential equations has been studied. @By method of
impulsive technique and Lyapunov function, some new
behavior criteria have been derived. Finally, a standard
example package illustrate that the new results are practical.
Our future work will focus on the neural networks with
impulse and consensus of multi-agent systems with impulse.
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