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Abstract: The present study uses penalized splines (p- spline) to estimate the functional relationship between the survey
variable and the auxiliary variable in a complex survey design; where a population divided into clusters is in turn subdivided into
strata. This study has considered a case of auxiliary information present at two levels; at both cluster and element levels. The study
further applied model calibration technique by penalty function to estimate the population total. The calibration problems at both
levels have been treated as optimization problems and solved using penalty functions to derive the estimators for this study. The
reasoning behind model calibration is that if the calibration constraints are satisfied by the auxiliary variable, the study expects
that the variable of interest’s fitted values meets such constraints. This study runs a Monte Carlo simulation to assess the finite
sample performance of the penalized spline model calibrated estimator under complex survey data. Simulation studies were
conducted to compare the efficiency of p-spline model calibrated estimator with Horvitz Thompson estimator (HT) by mean
squared error (MSE) criterion. This study shows that the p-spline model-based estimator is generally more efficient than the HT in
terms of the mean squared error. The results have also shown that the estimator obtained is unbiased, consistent and very robust
because it does not fail if the model is misspecified for the data.
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(2001), [3]. Nonparametric regression using splines has
undergone extensive development in recent years. Smoothing
splines (Eubank 1988; Wahba 1990) [6, 13] use a knot at
each distinct value except the boundary values of the X-
variable and control overfitting by applying a rough-ness
penalty. Penalized splines (p-splines), formally introduced by
Eilers and Marx (1996), [5], are in general computationally
inexpensive and allow flexible knot selection yet yield sound
performance. P-splines are also easy to implement: there is a
close relationship which implies that they can be fitted using
widely-available statistical software such as R software and
S-Plus (Pinheiro and Bates, 2000), [9] function Ime ().

The Horvitz-Thompson (HT) estimator (Horvitz and
Thompson 1952), [7] is a standard design-unbiased estimator
of population total and weights cases by the inverse of their

1. Introduction

In recent years, Nonparametric estimation methods have
gained considerable attention due to their flexibility. One of
these methods is the penalized spline estimation. This
method requires knowing the number and locations of knots,
the degree of the polynomial, and the degrees of freedom.
The degrees of freedom are known as the equivalent number
of parameters. There are practical rules in the existing
literature to determine the degree of the polynomial and the
number and locations of knots. The degrees of freedom are
established according to the user’s experience.

Splines can be classified as regression splines, cubic
splines, B-splines, penalized-splines, natural splines, thin-
plate splines, and smoothing splines, according to De Boor
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inclusion probabilities (Zhen and little 2003), [15]. This
estimator was used in this study as a baseline comparison
with p-spline model calibrated estimator.

The concept of auxiliary variables in the present
scholarship in statistics denotes independent or predictor
variables in a regression analysis. As the name suggests, the
variables offer additional information and may be used to
improve the estimation of population parameters. Breidt and
Opsomer (2000), [1] noted that micro-econometric research
is frequently performed using data collected by surveys,
which may contain auxiliary information for every unit of the
population of interest. As can be expected, many of these
surveys use complex sampling plans to reduce costs and
increase the estimation efficiency for subgroups of the
population. Complex sampling designs result in unequal
sampling probabilities for the units in the sample and create
data with correlations between observations, violating the
assumption that the data are independently and identically
distributed (iid) (Sayed, 2010), [12]. This means that the
number of population units represented by a given sample
unit is not uniform across all of the units in the sample.
Although the word complex survey has been used mostly by
researchers to refer to different combinations of sampling
plans, however, in this research, complex survey refers to a
mixture of both stratified and cluster sampling methods
(Clair, 2016), [2].

In this study, Nthiwa Janiffer Mwende, et al. (2020), [8]
work which considered auxiliary information at cluster level
only is extended. This study extends this work to consider
auxiliary information available at both the element and
cluster levels. The extension is by treating the two levels of
calibration problems in a cluster- Strata sampling, as
constrained nonlinear optimization problems which is then
converted into unconstrained optimization problems. The
resulting problems were then solved using the penalty
function method to obtain the weights at both cluster and
cluster- strata element levels assigned to sample observations
from some chi-square distance measures.

This study considered the generalized calibration procedure
using model calibration as proposed by Wu and sitter (2001),
[14]. They considered generalized linear and nonparametric
regression models for the super population model ¢ given in

the equation below:
Vi =h(x;) +¢ (D

where {€}7-; is a sequence of independent and identically
distributed random variables with E (g;) = 0 and E(¢?) = o2
and h(x;) is a smooth function that can be estimated using
nonparametric methods like kernel, neural network, and
penalized splines. Given n pair of sample observations
(x1,¥1), -, (X, ¥) from a population of size N, of interest,

is the estimator A(x) of h(x) = Ey,(y/x) . For model

calibration, calibration is performed to the population mean
of the fitted values h;(x;) (Wu and sitter, 2001), [14]. The
study considers a model calibration estimator for the

population total ¥, given below.

Y = Z w,p, @)

iOa
Where dis a set of sampled units under a general sampling
design while w;s are design weights such that for a given
metric, are as close as possible in an average sense to the

zZ; = nil These weights are obtained by minimizing a given

distance measure between the wy's and z;’s subject to some

constraints. The chi-squared distance measure to be

minimized is as provided in the equation below

2
Ja = ZM 3)

-z
iOa q[Z[

where ¢;’s are known positive constants uncorrelated with

the z;’s, (Deville and Sarndal, 1992), [4] subject to two
constraints equation given below

)

where i, = h; (x,-) .

Model calibration method is intended to provide good
efficiency if the model is correctly specified but maintains
desirable properties like design consistency if the model is
misspecified (Sahar, 2012), [11]. The simulations in this
study suggest that for estimation of the finite population total,
p-spline model-based predictive estimators are, in general,
more efficient than the HT estimator. In situations that favor
the HT estimator, the nonparametric model-based estimators
are only slightly less efficient.

2. Fitting of Missing Values

In this section, the study considered fitting missing values
for a population divided into clusters which are then
subdivided into strata. This section considered a case where
there is auxiliary information known at both cluster and

cluster element Levels. The study defined Q = X5 Xy s Xy
as a population of auxiliary variables of size U with
auxiliary variable; x; being known at i™ cluster and auxiliary
variable; x;; being known at strata elements level. This

study considered a population of clusters G to be partitioned
into C clusters, each of size M;,i =1,2,...,C.

Further, each cluster contains I; strata each of size

Nj,j =12,..,L; . Let also Vi be k™ observation in the
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sample from the jth stratum of i™ cluster and X; be the

corresponding auxiliary variable at cluster level. At stage
one, a probability sample ¢ of size m; of clusters is drawn
from C according to a fixed design F () (by simple random
sampling), where F(c) is the probability of drawing the
sample c of size m; from C. The first order cluster inclusion
B(*) is = pr(iec) = ZPl(c) and
igc
= pr(i,téc) = ZPl(c) . The first and the second order

i,tec

probabilities,

probabilities are the probability of including cluster 7 in the
sample and the probability of including clusters i and ¢ in
the sample respectively. At stage two, for every sampled
cluster i € c, the study chose a sample b, of elements of size
n,i=12,..,c, Given that

where m; =my + gy +ot

;1> Ny, My, are sample sizes of the sample chosen from Z;
strata by proportional allocation with inclusion probabilities
;i = prik, jér, ligc) and 13, = pr(k, per;/i€c) . In
this case, the first and second order probabilities are the
probability of including element k in the sample b, of the

i™ cluster and the probability that unit £ and p are both

included in the sample b, respectively. This study let;

ti = h(xi) + &, i= 1,2,...,C (5)

to be the ith cluster total, where A(x;) is a smooth function
of x. Let also 7, :[fl]

iEc

be the m; dimension vector of
£;'s which is obtained in the sample of clusters.
This study modelled fAl(xi) in equation (5) by way of penalized

spline and performed model calibration on i;(x,-). Since some

information is available at the element level such that for each
element in the jth strata of the ith cluster, a nonparametric variable

x;j. is available then the first step was to obtain the nonparametric

fit for elements; A, ., using the auxiliary variable x;; at element
I

level nonparametrically before an estimate of cluster total through
stratification for the ith cluster total was found.

Suppose that not all element values of the variable of
interest in a given cluster- strata are available and have to be
imputed. This study derived a model calibrated estimator of
element within cluster as follows;

E() = h(xy) (6)

where l;(xijk) and x;; are defined for every element k in the
jth stratum of ith cluster. For simplicity, this study uses ﬁijk
for h(x;,) .

Firstly, when penalized splines are used to fit missing

values, the present study defined the nonparametric sample

fit for elements within clusters, £y (4;) at x;; due Breidt
and Opsomer, (2000) [1] as
f’x,.j,( =J ;zvijkyijk (7
where J© psijk 18 defined by
Jpwk =X (Xop Wy Xop + A0) X, W, ®)

In which a matrix X, is considered with rows

Xoj = [1 Xijis+- 3k’(xijk"kl)j""’(xﬁk_kl)z] ®)

for i€G, q is the degree of the spline, and the k; are the
knots, while (x—k;), =x—k ifx>kand 0 if x<k,. Further,
Xop in equation 8 is the sub matrix of X, which consists of
the rows XOl/k for which the cluster element k&b, , A,

diag{o0, ...,0,q, ...,a} with q + 1 zeros on the diagonal
followed by / penalty constants a.

The study considered the diagonal matrix of inverse
inclusion probabilities as;

1 . .
W =diag,ilG {—} and its sample submatrix in
ik

. . . 1
equation 8 given as; W, =diag, kb, {—} As a result,

7T.

itk

the model calibrated estimator for the sampled cluster total

was defined by;
4= ZISC Wik Vijk -

The optimal weights;

(10)

Wy in equation (10) was obtained

by the penalty function method. They were obtained by
minimizing the chi square distance below as discussed by
Deville and Sarndal (1992), [4].

52(

(11)
qu ijk
subject to
Z Wik =
keb,
and
n; M, .
D wihye =y (12)
k=1 i=l
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where Zijk :%/k is the inverse of inclusion probability and ll ( Wc) — i Wy — M, =0
g;; are some known positive constants, uncorrelated with k:f M, . (13)
Z;jx - This study followed same optimization procedure by Rao, [ ,(w,) = z Wiik };,-jk - z };,-jk =0
1984, [10] and considered an optimization problem of the form k= k=
Minimize

where 4 is a nonparametric fit of the missing value y;; .

5 —Z(Wl‘f‘k "Zijk)z .
= » ——— subject to

C
iy, dikZik

The study then constructed an unconstrained problem as
follows according to by Rao, 1984, [10].

2

R
T(Wc’rb’hijk) = Z#

ke, ik Zii

2
nl

M, n 2 n;
+H(rb)(2wﬁkhijk ‘zhwa +H(rb)(2wijk —Ml) . (14)
k=1 k=1

k=1
Differentiating equation (14) partially with respect to wy; we get
1 A _ (lek - Zijk) ~ n ~ M; A n;
T (Wyotyohy) =2————+2H(r,)hy, zwijkhijk_zhijk +2H(r,) sz‘jk_Mi . (15)
q i Z ik k=1 k=1 k=1

Equating equation (15) to zero and solving for wj; the study obtained;

Ze ~ H ()47 Zw,-,,, |y +1] = | Ay, =1
1;;1/{ 1 . (16)

1+ HOy) () + D2

M,
p=

i

Thus, a nonparametric estimator of the cluster total is given as;

n; o M; o
H3 MgwzeVie | D Wi [hi/khijp ”]‘ [hi/khijp 1} a7
n; . k=1 p=1 .
A ~ _X Vijk Zijk o pEk
EDIRUSTEDS e 2 2
S 1+ HO) () +Vaz) 1+ H ) () + Dz )
Secondly, the nonparametric fit of the cluster totals based  diagonal matrix of inverse inclusion probabilities was
on penalized splines in this study was defined as; defined the same way as Nthiwa Janiffer Mwende et al.
/;r, :Jgsifc’ (18) (2020), [8] as; W Idiag,il:lG{L} and its sample sub

where ‘]lj;si is as defined by Nthiwa Janiffer Mwende et al. 1 atrix defined as W, = diag,i] C{i}
(2020), [8] as

i

The study then proposed a nonparametric penalized spline

S =X (XWX, + A0 X, W, model calibrated population total estimator as;
in which a matrix X, has the rows Vps = Zi&' Wil (20)
XrTi ={1,x,-,...,x,7,(xl- K, )q ,...,(xl- K, )q} (19) .T.he. \.)veight W,-.in this e.:quation 20) wa.ls obtained by
* * minimizing the chi square distance measure given as;

for ieG , further, X .. is the sub matrix of X, which wo—z )
re r 5 = Z ( i z) (21)

consists of the rows X FT, for which the cluster i&c, while the = q.z,
1 1
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subject to

(22)

1 .
where z; =— and ¢; are some known positive constants
i

uncorrelated with z;. This, therefore, gave an optimization

problem of;
minimize
2 ¢
r(w, rbaht) z( ) +H (1) [z
ille Q,Z, i=1

oy ls)

e 1

subject to

S =) w-C=0
i=1

. c (23)
S (w) = thht,. _zht,. =0
i=l i=1
which gave a penalty function of the form;
C 2 c 2
Z j +H(r, )(Z w, — Cj . (24)
i=1 i=1

Following same penalty procedure as in estimating the optimal weights w; by penalty method above, the weight w,

becomes;

=1z o [, +1]-X [k, 1]

i=1
J#i

< . (25)

1+ H0) () +1g;7)

The weighted nonparametric estimator of population total based on p-splines when information is available at both cluster

and element level as defined in equation (20) was obtained as;

c c
H(r,)q,z; Zl‘,wj [ﬁtﬁt_/ +1]_Z;[ﬁtﬁtk,- _l]
i= J=

wi =Y

3. Penalty Function Method of Obtaining
the Weights

To obtain the within cluster weights, Wijk = (k =1, 2,...,ni)

= 1,2,...,0), this study applied
iterative procedure. Firstly, to obtain the within cluster

Wy =(k=12,...

function in equation (14) as an unconstrained minimization
problem. The research in this case started with some initial

and cluster level weights Wi,(i

weights, ni) the study solved the penalty

guess for wy; and 7; then iteratively improved on the initial

values until optimal values are obtained. The present study,
therefore, followed the Newton method of unconstrained
optimization, according to [8] as follows;

If w, = ( Wijts Wi sees ijn,») is let to be the set of the

weights, of interest was to obtain Wi* such that

. (26)

:tizi \ J# s \

S1+He () +Dg,z,) S 1+ H)\((h,)? +Da,z,)
rov')=[7 ,ﬂ,rb),...,r'(wy.ni,rb,)}':o. 27)

Further if W, is let to be initial estimate of W,* so that
W =W,

1 w

+T; . The Taylor’s series expansion of I_(Wi*) gives

FOV ) =T (W +T) =T+ Ty T+ (28)
By neglecting the higher-order terms in the above equation

(28) and setting F(W*) = O the study had

row,)+J,, ;=0 (29)

where J,, is an; by n, matrix of second derivatives of the
wm

penalty function equation (15) evaluated at W, . Let also i
and j be the row and column counters respectively with
i=1,2,..,

n;) rows with j =(1,2,...,n;) columns. The matrix
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J,,, has elements

+2H(r,,)((};ijk )2+1) in the main diagonal and
ijk Zijk

elements 2H (rb)(hykhyp +1) elsewhere.

If J,, is a nonsingular matrix, then, from the set of linear

equations (29) we have for vector T

L=J",Tw,). (30)

The following iterative procedure is used to find the

improved approximations of W,-*

Wi =W, +T, =W, =J

1

WJTO7). (31)

The sequence of the points Wj;,W,,...,W;;(, 1) eventually

converges to the actual solution Wi*. Now, if we let Wib* be

the minimum of W."

; obtained for a particular penalty, 7, the

study obtained a sequence of minimum points
Wul ,Wyz, W;(bﬂ) for the penalties #,7...,7, until

W,»b ZW”(,,H) or T(Wyy» Ty, By ) = T(Wyes Ty, By ) for  some

specified accuracy level. The accuracy level may for example
be, to certain decimal points or significance level. In
addition, the penalty values may be set such that the starting

point # >0 and 7, =sn, , where s<1, H(n) — % as
n —0.

This study applied iterative procedure to obtain the cluster
level weights w,-,(i:1,2,...,c) .
equation (24) was solved as an unconstrained minimization
problem in a similar manner as within cluster weights; W;;

The penalty function in

discussed in this section.

4. Empirical Analysis and Discussions

In the simulation study, a population of size 10,000
(200*50=10,000) was simulated from a population structure
containing 200 clusters each of size 50. Each cluster had 5
strata of size 10 each. At stage one 10, 20, 30,..., 190 clusters
were sampled from the 200 clusters by simple random
sampling while at stage two, 5 elements where drawn from
each stratum by proportional allocation. This gave sample of
25 elements from each of the sampled clusters. 10
replications per each sample size were generated. For
penalized spline method, the number of knots and the Spline
penalty were optimally generated.

Using R program, a population of independent and
identically distributed variable x was simulated using
uniform (0, 1). This study used penalized spline equation
(18) to fit cluster totals and equation (7) to fit for elements
within a cluster. Using the auxiliary variable x, five
populations for the dependent random variable for cluster

element, and cluster total; #; were generated with the five

functions as:
Linear function (Lin); ¢ =3+6x

Quadratic function (Qd); ¢, = (20 + 6)()2
Exponential function (Exp); ¢ =20—exp (x/ 40)
Cycle 4 function (C4); ¢, = 0.5 —sin(877x)
Cycle 2 function (C2); ¢, = 0.5 —sin(27zx)
where t; is the ith cluster total and x; is cluster auxiliary

variable known at the cluster level. The s k™ unit in jth

stratum of i cluster was given by;

Vijk = Cluster e sz TerTOT term(e;)/Vcluster size. (32)

This study differentiated the five strata from each other by
the following errors;

e; = runif (—0.001,+0.001) for
runif (—0.002,+0.002) for stratum
e; = runif(—0.003,40.003) for stratum 3, e,
runif(—0.004,4+0.004) for stratum 4 and ez =
runif (—0.005,+0.005) for stratum 5.

On the other hand, the respective kth auxiliary variable in

the jth stratum of ith cluster was given as;

stratum 1, e,

|

Xip = (3_—6yljk) +e; for linear (33)

Xijk = 20” r +e; for quadratic (34)

X = (log(20 - Vi )40 +e; for exponential (35)
X = w +e; forcycle 4 (36)
Xy = w +e; for cycle 2. (37

This study reports on the performance penalized spline
model calibrated estimator and its efficiency in comparison

with Horvitz Thompson estimator. The performance of the
nonparametric estimator; ypg was evaluated using its

relative bias Rg and relative efficiency Rg. The relative bias
was defined as

R
Z (Yps ~
e

B = (38)

R*Y

where, Y, is the actual total and R is the replicate number
of samples. The relative efficiency was defined as
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_ MSE(yps)

= _ 39
MSE(yyr) )

E

Large values of relative efficiencies represent higher
efficiency for the design estimator ),y over the estimator

Vps and vice versa. The Jy; estimator was defined as

Yur :Zz[ti where z; is the inverse of the inclusion

by z =L for class total and

C

probability given

_ cluster size

Zyy = — for cluster element. The estimator
' sample size

was used as the baseline comparison.
4.1. Normality Test

A One-sample Kolmogorov-Smirnov test was carried out
in this study to test for normality of the nonparametric

estimators; Jpg and the design estimator; Horvitz Thompson

estimator; Vg . The p values at o = 0.05 for the five

population mean functions obtained are as in table 1 below. A
p-value greater than the set a = 0.05 significance level means
normality is established. The results show that at o = 0.05 the
proposed estimators are normal for all the five functions.

Table 1. Normality test.

Estimator yps VHT

Linear 0.9928 0.8869
Quadratic 0.3763 0.3934
Exponential 0.7678 0.6876
Cycle 4 0.8850 0.5584
Cycle 2 0.9920 0.4319

4.2. Results for Population Total Estimates

The results in tables 2, 3, 4, 5 and 6 below shows the
actual total and the estimates of the penalized splines and the
Horvitz Thompson for the respective mean functions with
sample sizes; 50, 100 and 150. From the results the estimator
Vps are seen to give estimates that are close the actual total
and also to those of Horvitz Thompson design estimator for
all the 5 population functions.

Table 2. Linear Population total estimates for samples of sizes, 20, 50, 100 and 150.

R 1 2 3 4 5 6 7 8 9 10
Sample size

VAT 50/100/150 4543206 4543206 4543206 4543206 4543206 4543206 4543206 4543206 4543206 4543206
50 4550.709  4508.628  4568.743  4598.951  4526.772  4580.126  4506.070  4555.463  4486.108  4551.931

yps 100 4525.000 4568.034  4568.753  4515.870  4568.810  4531.189  4563.055 4615942  4512.589  4568.554
150 4537296  4537.509  4522.132  4561.317 4515272  4546.944  4528.760  4560.889 4535451  4521.857
50 4543.147  4505.097  4559.542 4598436  4531.062 4576261  4503.652 4551989  4488.678  4544.956

Pyr 100 4522916  4566.846  4561.118  4516.681  4561.496  4532.834  4568.969  4620.047  4520.402  4565.650
150 4536.349  4539.143  4518.782  4563.124  4516.328  4540.459  4526.952 4556363  4532.178  4525.400

Table 3. Quadratic Population total estimates for samples of sizes, 20, 50, 100 and 150.

R 1 2 3 4 5 6 7 8 9 10
Sample size

T4t 50/100/150 58508.64  58508.64  58508.64  58508.64  58508.64  58508.64  58508.64  58508.64  58508.64  58508.64
50 59832.17  58626.97  55916.10  59068.46  60239.68  61313.31  56243.05  56767.31  58457.40  55972.48

Vps 100 59208.13  59121.51  58549.64  58667.37  58077.49  58327.13  58899.17  58961.40  59057.99  58351.96
150 58930.17  58508.48  58202.29  58577.28  58844.61  58348.84  58376.42  58062.99  57828.53  58361.61
50 59835.06  58622.55  55912.85  59073.66  60238.51  61314.53  56252.56  56768.40  58452.97  55964.32

yur 100 59208.76  59120.87  58549.63  58665.68  58075.85  58331.41  58893.50  58961.65 59061.60  58348.58
150 58932.61 5850537  58205.57  58576.88  58851.44  58347.17  58379.05  58063.35  57824.62  58364.26

Table 4. Exponential Population total estimates for samples of sizes, 20, 50, 100 and 150.

R 1 2 3 4 5 6 7 8 9 10
Sample size

FAT 50/100/150  3794.735 3794735  3794.735  3794.735 3794735 3794735  3794.735  3794.735 3794735  3794.735
50 3799.913  3800.427  3800.963  3792.627  3798.025 3795.023  3787.908  3790.535  3807.945  3783.372

Vps 100 3790.318  3794.567  3790.789  3791.142 3794270  3795.132  3793.077 3795497  3797.233  3794.940
150 3794.733  3793.256  3790.879  3795.593  3790.908  3796.495  3799.995  3792.718  3794.792  3795.983
50 3800.172  3800.242  3800.665  3792.678  3797.854  3795.050  3787.943  3790.483  3807.787  3783.129

yur 100 3790.028  3794.767 3790476  3791.191  3794.124  3795.143  3793.297  3795.539  3797.097  3794.861
150 3794.631  3793.194  3790.718  3795.681  3790.801  3796.415  3800.001  3792.819  3794.634  3795.881
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Table 5. Cycle 4 population total estimates for samples of sizes, 20, 50, 100 and 150.

Replication Number 1 2 3 4 5
Sample size
AT 50/100/150 98.12195 98.12195 98.12195 98.12195 98.12195
50 106.74650 132.50628 119.94744 89.20880 85.34613
Vps 100 96.41683 90.02801 97.57377 100.66343 94.51954
150 99.74723 90.42254 93.29842 102.81139 104.91942
50 113.48154 131.49654 125.62301 95.99730 79.22657
YHT 100 94.70033 92.00542 99.25881 102.30048 94.31615
150 97.77412 91.93835 93.09909 101.91398 102.26683
Table 5. Continued.
Replication Number 6 7 8 9 10
Sample size
JAT 50/100/150 98.12195 98.12195 98.12195 98.12195 98.12195
50 95.97287 69.00133 137.85757 91.38317 94.34510
Vps 100 109.77530 85.37745 96.69058 104.97689 93.86149
150 97.10018 98.32416 87.04543 92.83903 98.93072
50 92.69908 68.07357 142.53958 92.80498 88.05275
YHT 100 110.22664 86.45460 95.15238 102.69284 93.62301
150 99.12175 100.96804 86.27175 95.20490 100.40792
Table 6. Cycle 2 population total estimates for samples of sizes, 20, 50, 100 and 150.
s 1 2 3 4 5 6 7 8 9 10
Sample size
JAT 50/100/150  116.4859  116.4859  116.4859  116.4859 116.4859  116.4859  116.4859  116.4859 116.4859  116.4859
50 92.01059  104.7750  113.7534  99.91309 84.01602  129.1396 1419112  132.7674 123.5790  154.1871
Vps 100 114.2216  114.2180  107.6319  121.8142 131.3348  121.3722  115.1419  100.68917  122.5620  112.1085
150 114.7727  118.6039  120.1997  110.1363 112.3717  123.1632  122.7303  111.1371 120.6737  111.0792
50 9226469  104.9711  110.4062  100.62389  85.96008  138.7731  142.7816  116.2985 119.2736  148.2210
yur 100 109.9282  118.0110  111.7657  117.6613 129.6345  118.8748  116.8948  99.04232 114.9889  109.5154
150 1152668 1163559  114.0293  110.9012 1147852 123.9057  124.0244  112.8755 121.4621  110.0413

4.3. Results of Variances and Variance Ratios for Various
Sample Size

This section presents both the variance and variance ratio
of the two estimators; ypg based on a penalized spline and

Yy based on Horvitz Thompson and their respective graphs.
The variance and variance ratios for different functions are
summarized in table 7, and their comparative graphs in
figures 1, 2, 3, 4 and 5 for the respective functions.

4.3.1. Tabular Results of Variances and Variance Ratios for
Various Sample Size

The table 7 below shows both variance and variance ratios
of the two estimators based on penalized splines and Horvitz.
The variances of the two estimators for the 5 functions
decrease as the sample size increases implying that the
estimators are consistent. From the table, the var(y;) for
linear and exponential functions are smaller than those of
Var(;f/PS) except for the 9 sample sizes; 20, 60, 70, 90, 110,

120, 130, 140 and 160 and 8 sample sizes 40, 70, 90, 100, 110,
130, 150 and 180 respectively. This comparison is evident

from the variance ratio; Var(y P %

jfor the same functions.
YT

For quadratic function the var(Jpg) estimator is less variant

var(ypg) s
consistently lower than that of Thompson estimator for all
samples sizes except for 5 sample sizes; 30, 70, 140, 170 and

180 and this applies to the variance ratio; Var(y A % )for the
HT

than Horvitz Thompson estimator since

same function. For cycle 4 and cycle 2 the var(y,;)is slightly

less variant than that of var(yps) in some samples except for

the 7 sample sizes; 50, 60, 110, 120, 140, 160 and 180 and the
6 sample sizes; 20, 40, 60, 130, 140 and 170 for cycle 2 and all

these is evident from the respective ratios; Var(j/”% )
Yur
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Table 7. Results of Variances and variance ratios for various sample size.

Sample size 10 20 30 40 50
Lin 3651.667479 3951.1194439 3543.5359584 3337.6837219 1278.906399
Qd 5,331,024 3,522,390 4,482,455 972,450.3 3,728,991
var($ps) Exp 168.278885 169.0653534 51.0707619 47.3712646 52.4873479
c4 2904.529547 978.5458207 505.7774565 557.0358257 477.5578929
2 835.9659326 1292.6891074 190.0423932 221.8191635 511.4902605
Lin 3441.982023 4170.5863917 3293.8879518 3320.0194090 1171.349553
Qd 5,351,925 3,529,463 4,477,180 973,958.5 3,731,934
var($pr) Exp 163.048127 163.9132225 50.3517091 48.5950529 52.3219643
c4 2609.500036 960.9689888 382.5380028 546.3226956 584.9590572
2 747.9882971 1358.9711656 169.4059765 231.5295217 459.9957258
Lin 1.060920 0.9473774 1.0757913 1.0053205 1.091823
) Qd 0.9960946 0.9979960 1.001178 0.9984514 0.9.992114
Var(yPS%ar( Serr) Exp 1.032081 1.0314321 1.0142806 0.9748166 1.0031609
c4 1.113060 1.0182907 13221626 1.0196095 0.8163954
2 1.1176190 0.9512263 1.1218163 0.9580600 1.1119457
Sample size 60 70 80 90 100
Lin 16863531718 683.4909103 739351333 621.8465705 1032.696102
Qd 1,432,228 795,246.2 1,100,148 239,576.3 148,716.9
var(3ps) Exp 37.5194780 10.8705338 12.2096085 17.0080090 52460144
c4 221.6688694 288.1115958 114.015931 84.9656554 48.9687456
2 235.0572714 178.749618 364.9281303 334.5377284 74.1583869
lin 1798.2234675 721.2150960 730.283623 640.0131115 992.073248
Qd 1,434661 793,026.8 1,101,905 239,976.3 148,954.9
var(P ) Exp 36.9130210 11.5590297 12.1355654 17.2458368 5.5536149
c4 222.6924910 285.6353110 107.396674 79.9022833 44.8840996
2 265.1027829 147.086222 338.3337506 332.5792995 63.1641415
Lin 0.9377884 0.9476936 1.012417 0.9716154 1.040947
varGpg) Qd 0.9983042 1.002799 0.9984059 0.9983334 0.9984022
yP% arGarr) Exp 1.0164293 0.9404365 1.0061013 0.9862096 0.9446126
YHT c4 0.9954034 1.0086694 1.061634 1.0633696 1.0910043
2 0.8866647 1215271 1.0786040 1.0058886 1.1740583
Sample size 110 120 130 140 150
Lin 528.8463282 391.1319758 367.6803949 366.0277604 250.3687311
Qd 552,643.4 566,478.0 397,977.0 205,447.0 111,742.5
var(Pps) Exp 4.0804940 12.6728286 8.8227916 4.0807057 7.6035401
c4 53.0041054 62.3777231 49.178826 45.8120890 31.2021121
2 51.9719975 102.0590988 39.9900411 78.6794029 26.379535
Lin 563.9793390 418.7877861 414.6097232 377.8959278 230.0089091
Qd 555,015.1 569,733.0 398,328.6 205,206.4 112,9230
var(9gr) Exp 43935972 12.3957597 8.9766109 9 3.820459 77526387
c4 73.9513379 65.9388513 35.895394 51.8420740 27.0439387
2 43.2446770 89.7462109 41.2334476 82.1997916 25.854080
Lin 0.9377051 0.9339622 0.8868108 0.9685941 1.0885175
) Qd 0.9957268 0.9942867 0.9991173 1.001173 0.9895455
Var(yPS%ar( Serr) Exp 0.9287365 1.0223519 0.9828644 1.0681190 0.9807680
c4 0.7167430 0.9459935 1.370060 0.8836855 1.1537562
2 1.2018126 1.1371967 0.9698447 0.9571728 1.020324
Sample size 160 170 180 190
Lin 157.6309214 179.052477 65.0823883 28.0041116
Qd 253,692.2 47,602.45 76,423.97 32,023.10
var(Pps) Exp 3.657975 3.4205472 2.3161035 1.922969
c4 28.7065251 11.8576488 17.4000800 7.9386513
2 25.326064 23.6213578 11.009247 7.680566
Lin 168.0263317 136.965407 61.7790150 21.0822213
Qd 254,282.6 47,307.85 76,267.43 32262.74
var(9gr) Exp 3.602958 3.3717028 2.4699470 1.787780
c4 31.0215984 8.1252690 18.8789233 4.2808000
2 14.801159 27.5178092 5.452016 2.981572
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Sample size 160 170 180 190
Lin 0.9381323 1.307282 1.0534708 1.3283283
X Qd 0.9976779 1.006227 1.002053 0.9925723
var(y PS% 5 Exp 1.015270 1.0144866 0.9377138 1.075619
var(yyr)
C4 0.9253722 1.4593546 0.9216670 1.8544784
C2 1.711087 0.8584026 2.019298 2.576013

4.3.2. Graphical Results of Variances and Variance Ratio
for Various Sample Size
Results in figures 1, 2, 3, 4, and 5 represent respectively,
the graphical variance ratio for the five population functions;
linear, quadratic, exponential, Cycle 4 and Cycle 2
respectively for the two estimators based on penalized splines
and Horvitz Thompson. Results from the five figures show

that the ratio Var(y f% jwas concentrated below one for
HT

quadratic function, implying that Thompson estimator is
more variant than var(Jpg) in quadratic. On the other side

Horvitz Thompson estimator is less variant than var(ypg) in

linear, exponential cycle 4 and cycle 2 functions because
their ratios concentrate slightly above one.

4.4. Relative Bias

The following table 8 shows the values of relative biases
for the five population functions. The results from the table
show that the relative biases for the two estimates are
minimal, given that the population totals were in thousands,
and this point to unbiasedness. It is also noted that the
difference of the relative biases of the penalized spline
estimator with its corresponding Horvitz Thompson
estimators for all the five population functions is not very
significant. Hence, the proposed model calibrated estimator
is unbiased.
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Table 8. Relative Biases for three estimators.

Estimator Vps VT
Linear -0.0006773947 -0.0006504365
Quadratic 0.002472271 0.002474501
Exponential 0.00005334967 0.00005276563
Cycle 4 -0.0004616429 -0.0007526457
Cycle 2 0.01028577 0.00724342

4.5. Results on Relative Efficiency for Various Sample Sizes

4.5.1. Tabular Results for MSE and MSE Ratios for
Various Sample Size

The MSE and relative efficiency (MSE Ratios) for the five
different functions are summarized in table 9. Generally, the
estimator with a smaller MSE is regarded as the most

efficient one. From table 9 MSEs of Jpg is smaller than that
of Y7 in some samples sizes but from other sample sizes

the P, estimator has reduced MSE than the estimator; Jpg .

The relative efficiencies (MSE Ratios) in table 9 examines
the robustness of the various population functions. There
doesn’t appear to be a clear noticeable performance

difference of ypg estimator in comparison to J; estimator.
In some instances Jpg has a smaller error margin than .,
while in other samples, V;rhas smaller error margins than
the nonparametric model calibrated estimator; ypg . The

Vps estimator is more efficient than J; estimator in all the

samples except for 5 sample sizes; 30, 70, 140, 170 and 180
for quadratic and 4 sample sizes; 30, 40, 110 and 140 for

cycle 4. In addition, pg estimator is slightly more efficient

than p,; estimator for exponential functions and cycle 2,

except for 7 sample sizes; 10, 20, 70, 80, 120, 130 and 180
and 8 sample sizes; 30, 50, 60, 80, 90 110, 120 and 150

respectively. On the other hand the estimator; V;; is slightly

more efficient than ypg estimator in all the samples except

for the 9 sample sizes; 20, 40, 60, 110, 120, 130, 150, 180
and 190 for linear function.

Table 9. Results of MSE and MSE ratios for various sample size.

Sample size 10 20 30 40 50
Lin 3761.901218 3997.1178405 3599.576631 3340.0779186 1278.927001
MSE Qd 7,446,041 4,738,647 4,550,979 984,679.2 3,799,186
2 Exp 170.6475187 169.410735 52.5931846 48.8811167 53.3688749
YPS C4 2943.9179205 1007.5783450 568.007902 583.4024883 494.4464803
C2 1195.9670865 1530.1841661 271.0469163 227.3060849 512.7431068
Lin 3529.915102 4219.3669187 3345.352957 3325.2848170 1179.902056
MSE Qd 7,485,276 4,744,751 4,547,491 986,394.6 3,802,210
- Exp 167.6882442 159.122957 57.2071173 51.7141427 56.1322306
YHT Cc4 2903.0705831 1142.1461835 445271374 468.4352616 641.6641625
Cc2 1306.1443127 1686.9108741 202.1827495 296.3214559 414.9023874
MSE Lin 1.010684 0.9841703 1.000111 0.9907866 1.024582
Pps Qd 0.9947583 0.9987136 1.000767 0.9982609 0.9992047
/MSE Exp 1.0176475 1.064653 0.9193469 0.9452176 0.9507706
. Cc4 0.9440421 0.8657855 1.015070 1.1705200 0.9487043
YHT C2 0.9441625 0.9612389 1.0125236 0.8432357 1.1093576
Sample size 60 70 80 90 100
Lin 2213.3671469 868.6904893 941.9650729 625.4252385 1144.486644
MSE Qd 1,444,626 824,239.5 1,100,902 239,875.2 194,317.5
- Exp 38.555204 11.8924768 12.425321 17.0663297 6.3248485
IPS Cc4 241.8879912 288.1286386 115.2612613 101.4898390 50.2538319
Cc2 285.2328794 199.2620918 396.7704457 335.674333 74.3001555
Lin 2293.3339425 922.9854323 981.6586883 640.0297615 1102.101586
MSE Qd 1,447,216 822,176.1 1,102,720 240,235.0 194,374.0
~ Exp 42.740574 11.8107904 11.150557 17.9337831 6.9595295
YHT C4 346.3966814 309.8198703 108.1009965 115.8467571 55.8920469
Cc2 337.3473346 188.3122440 356.2083152 273.639732 76.4726920
MSE Lin 0.9875441 1.0345659 1.0248652 1.0786348 1.003822
Pps Qd 0.9982109 1.002510 0.9983508 0.9985023 0.9997094
MSE Exp 0.902075 1.0069163 1.114323 0.9516302 0.9088040
. C4 0.7290980 0.9229237 0.9957634 0.7655590 0.8227334
YHT C2 1.0160905 0.8744224 1.0139206 1.217429 0.8709300
Sample size 110 120 130 140 150
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Lin 655.8482220 477.6281396 367.6808541 379.2494284 292.1500391
Qd 607,022.7 593,307.8 415,432.1 267,156.0 122,666.1
MSE ypg Exp 4.1202120 13.494986 9.7373345 6.7647846 7.6434632
C4 83.495772 77.3385387 50.1603724 50.3699637 33.6924933
C2 52.271479 104.7423976 40.0147599 79.4145996 26.3795354
Lin 700.5660838 545.2801802 415.5757672 382.8570384 289.2821260
Qd 608,585.2 596,561.5 415,988.3 267,093.0 123,657.2
MSE yyr Exp 4.4396357 13.214463 9.8181521 6.5505387 7.8190212
C4 104.381583 91.3097778 39.0132544 51.7093668 40.4558555
C2 39.431819 89.9134820 41.9892032 90.0818898 22.8535505
Lin 0.9538936 0.9867949 0.9313259 1.0079811 0.9156409
MSE jpg /MSE ~ Qd 0.9974326 0.9945459 0.9986628 1.000236 0.9919849
R Exp 0.9107537 1.057114 1.0250755 0.9591387 0.9498795
YHT C4 1.106025 0.8855587 0.9287332 1.0412362 0.7055897
C2 1.102070 1.0183366 0.9902773 0.9336432 1.1319365
Sample size 160 170 180 190
Lin 165.6221865 179.918580 65.9200680 31.1640058
Qd 253,768.2 62,777.18 76,511.68 36,341.06
MSE jpg Exp 3.9267096 3.4288437 2.8152284 3.7338132
C4 47.4667990 15.1352895 23.7547279 8.0433500
C2 32.9937376 23.6264682 14.1782831 9.0175933
Lin 179.0923562 137.646389 65.1613352 24.2407817
Qd 254,336.6 62,561.61 76,335.32 36,612.13
MSE pyr Exp 3.8768434 3.3762876 3.0369193 3.7901165
C4 47.4120481 14.0677071 31.5174763 13.4859242
C2 20.8959407 28.3225165 8.3965927 7.2576928
Lin 1.0137243 1.050970 0.9480256 0.9487241
MSE jpg /MSE ~ Qd 0.9977651 1.003446 1.002310 9.925960
N Exp 0.9807432 0.9651552 1.0343102 0.9379330
YHT C4 0.9488392 0.7139708 0.7358081 0.3177479
C2 0.8650733 0.9779437 0.6767941 0.4360844
Spline vs Horvitz Thompson MSE Ratio
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shown that in cases where some cluster and elements within
clusters are missing but auxiliary information is available at
both levels, then an advantage can be taken of this auxiliary
information to fit both cluster totals and cluster elements,
which are then calibrated in the estimation of population
total. This provides the researcher with a normal, consistent,
unbiased, robust and efficient estimator of population total.

References

o
o o
4 o °
=
w
o
-
o
o
T T T
50 100 150
sample size
Figure 9. Cycle 4.
Spline vs Horvitz Thompson MSE Ratio
(o] _ [+]
/ [+]
@ o
(=T =] @ o o /
— e
o o/ \ / \o i
/
T‘;E ! o [} o
L @
0 o 7
=
[+]
©w |
o
[=]
T T T
50 100 150
sample size

Figure 10. Cycle 2.

5. Conclusion

The results from this study show that, the nonparametric
calibrated estimator; Jpg is slightly more efficient than J;.

The estimator; Jpg is also very robust because it is not
failing for all the five functions compared with the design
estimator y,r which is known as a well-performing
estimator. Generally, the results have also shown that the
performance of the nonparametric estimator Vpg is
indistinguishable from that of the design estimator in some
instances, and that Jpg is a normal, unbiased and consistent

estimator. Therefore, this study concludes that the
nonparametric model calibrated estimators; it is a robust
estimator since it does not fail under misspecification.

Due to these good properties of nonparametric model
calibrated estimators, this study, therefore, recommends the
use of such model calibrated estimators in the estimation of
population total in sampling. In the present real-world
problem where there are missing variables at both cluster and
cluster element levels, yet there is relevant auxiliary
information about the variables, model calibrated estimators
would be the estimators of choice. This study has further
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