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Abstract: Loss functions and Risk functions play very important role in Bayesian estimation. This paper aims at the
Bayesian estimation for the loss and risk functions of the unknown parameter of the H(r, theta), (theta being the unknown
parameter) distribution The estimation has been performed under Rukhin’s loss function. The importance of this distribution
is that it contains some important distributions such as the Half Normal distribution, Rayleigh distribution and Maxwell’s
distribution as particular cases. The inverse Gamma distribution has assumed as the prior distribution for the unknown
parameter theta. This prior distribution is a Natural Conjugate prior distribution for the unknown parameter because the
posterior probability density function of the unknown parameter is also inverse gamma distribution The Rukhin’s loss
function involves another loss function denoted by w(theta, delta) he form of w(theta, delta) is important as it changes the
estimate. In this paper, three forms of w(theta, delta) have been taken and corresponding estimates have been derived. The
three, forms are, the Squared Error Loss Function (SELF) and two different forms of Weighted Squared Error Loss Function
(WSELF) namely, the Minimum Expected Loss (MELO) Function and the Exponentially Weighted Minimum Expected
Loss (EWMELO) Function have been considered. A criterion of performance of various form of w(theta, delta) has ben
defined. It has been proved that among three forms of w(theta, delta), considered here, the form corresponding to EWMELO
is most dominant.
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1. Introduction 0 5xz le D 050680050
g(y’e)= r(g) My >0,0>0,r> (2)

A continuous random variable X is said to have H(r,0) 0.0th .
, Otherwise.

distribution, if its probability density function is given by,

. <2 Rayleigh Distribution and Maxwell’s distribution (which
f(x,0) = M Jifx>0,6>0r>0 () correspond to r=1 and r=2, rgspectively), were studied by
’ r'e many authors. Bhattacharya [2] introduced Bayesian approach

0, Otherwise. in estimation of life testing using SELF. Tyagi and
Bhattacharya [3-5] studied the classical and Bayesian
estimation of Rayleigh and Maxwell’s distribution. They also
used only SELF for Bayesian estimation.. Chaturvedi and
Rani [6] studied the reliability of the generalized Maxwell’s

distribution in the Bayesian framework. SELF and two forms

This distribution covers some important distribution for
various values of r. For example, r=1, 2 and 3 respectively,
the probability density function in (1) coincides with that of
the probability density functions of Half Normal distribution,
Rayleigh distribution and Maxwell’s distribution respectively.

This distribution used by Singh [1], the author for Bayesian
estimation of Shannon’s entropy and distribution function. It
is to be noted that the random variable Y = X2 follows
gamma distribution with its probability density function is
given by,

of WSELF was used by Singh [7-8] in the study of reliability
of a multicomponent system and Bayesian Estimation of the
mean and distribution function of Maxwell’s distribution
under the assumption of conjugate prior distribution. Poddar
and Roy [11] also studied Maxwell’s distribution using
modified linear exponential loss (MLINEX) function. Bekker
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and Roux [12] also considered some aspects of Maxwell’s
distribution in the light of Bayesian estimation. Day and
Sudhanshu obtained Bayes estimators of parameters of
Maxwell distribution bu using non-informative as well as
conjugate prior distributions. They used quadratic loss
function, SELF and MLINEX loss function. Krishna and
Malik [14] have adopted progressive Type II censoring in

order to estimate reliability of Maxwell’s distribution. Xu et al.

[15] considered the Bayesian inference for the loss and risk
functions of parameter of Rayleigh distribution. Ajami and
Jahanshahi [16] studied parameter estimation of Weighted
Rayleigh Distribution in the classical as well as in Bayesian
framework. Teena et al. [19, 20]. Have recently considered
Bayesian estimation for Exponentiated Inverted Weibull
distribution an Logarithmic Transformed Exponential
distribution under different loss functions.

2. Basic Concepts

Guobing Fan [9] has derived the Bayes estimator of the
loss and risk function of Maxwell’s distribution using inverse
Gamma distribution as the prior distribution for 6 and
squared error loss function under the criterion of loss
function proposed by Rukhin [10], which is given by

L(6,6,y) = w(B,5)y 7 +y2 (3)

Where y is an estimator of the loss function w(6,8)
which is non-negative.

dL(8,8,y)

oy = 0 gives Yy =w(6,96)

92L(6,8,y) _
N >0 at y=w(9,68).

minimum in y when y = w(6, §).
LetX = (X4, X,, ... X,,) be a random sample of size n, then
the Bayes risk is

Since So L(6,8,y) is

E(L(6,5,y)/X} = E(w(0,8)/X}y 2 + v2

%ﬁ.v)/&} =0 givesy = E{w(0,5)/X}.

So, if 85(X) is the Bayes estimator of 0) under the loss
function w(0,8) yg(X) be the Bayes estimator of 6
corresponding to L(6,§,y). Thus,

ve(X) = E{w(®,85)/X} @)

Let X = (X4, X,, ... X,,) be a random sample of size n from
the distribution specified by the probability density function
given by (1). Let T =Y, X2 Then T is sufficient statistic
for the unknown parameter 8 in (1). Since X? has gamma
distribution having probability density function given by (2),
by virtue of reproductive property of the gamma distribution,
T=YL,X? also follows gamma distribution and its
probability density function is given by,

nr nr t
0 2tz e ®
g(t,8) = T ,ift>0,0>0,r>0 )

0, Otherwise.

Since the family of gamma distribution is complete, T is
complete sufficient statistic for 6. Since, E(T) = (%n) 0, % is

UMVUE for 6. It is easy to verify that % is also the

Maximum Likelihood Estimator of 8.

On the part of loss function, we have considered the
Following:

(1) Squared Error Loss Function (SELF): In this case,

w(®,8) = (8 — 5)? (6)

This loss function is symmetric but is unbounded.
(i1)) Weighted Squared Error Loss Function (WSELF): In
this case

w(0,8) = 072(8 — §)2 )

This loss function is asymmetric but is bounded.

This form of loss function was used by Tummala and
Sathe [17] and by Zellner [18]

(iii) Exponentially Weighted Squared Error Loss Function
(EWSELF): In this case

w(6,8) = 0727207 (9 — §)2,a> 0 (8)

This form of loss function is also asymmetric and bounded.
This form of loss function was used for the first time by
Singh [1], the author in his work for D. Phil.

3. Bayesian Estimation of Loss and Risk
Function

In this section, the estimation of the loss function has been
performed for the probability density function specified by (1)
under various forms of w(®,8), given by (6), (7) and (8)
respectively. Results are given in the following:

Theoreml. Let X = (X4, X5, ...X,) be a random sample of
size n from the H(r, 8) distribution, specified by the
probability density function given by (1). Under the
assumption of inverse Gamma distribution as the prior
distribution for 6,Bayes estimators of 6 corresponding to
various loss functions given as above and Bayes estimators
of w(0,8) based on Rukhin’s loss function given by (3) are
as follows:

(a) When w(8,8) = (06 — §)2,

BT

GB - S+a-1 (9)
&
YB(X) T (S+a-2)(S+a—1)2 (1o
__SOT(S04B?
Ee{YB(X)} T (S+a—2)(S+a—1)2 (h

The risk function of By is,
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~ SO2+{(1-a)8+B}? .
R(e, 9}3) _ ; : - B8} (12) Where, a,E > (2) are known o
(Sta-1) Let t =YL, x?, be an observed value of T = 311, XZ.
(b) When w(®,8) = 072(8 — 5)2 . F(?r observed.sample observations X ='(X1,X2, ..Xp) the
likelihood function, denoted by L(0), is given by,
Oy = o (13) .
« L(0) = k0 Se7® (23)
1
YM(X) T (S+a+1) (14) Where, k depends on x4, X, ...x, only and does not
) involve 6
Eofym(X)} = GratD (15) The posterior probability density function of 8, denoted
, by, (8 / t), is given by,
A\ _ S+(BO1-a-1)
R(6,0u) = T sra? (16) L(0)m(6)

0/t = (24)

_ Jo. L(8)(8)dd
(c) When w(8,8) = 8727297 (6 — §)%,a > 0 o . . .
After substitution and evaluation of the integral in the

Bg = p+T+a (17) denominator, the posterior probability density function of 0
Stat+l is given by,
— 1 B+T S+«
YE (X) - (S+a+1) (B+T+a) (18) (B+t)a+se—(a+s+1)e—% .
8 S+a T[(e/t) = [(a+S) ,lfe > 0, (X,B >0 (25)
1 +T .
Eo{ve(X)} = GrotD) £ {(B+T+a) } (19) 0, Otherwise.
R _ap-1 1132 Which is also a member of the family of inverse gamma
R(G, 913) == {S+((iia++13)(: w1)) (20)  distribution. Such a prior distribution 1(6) is known as the
Natural Conjugate Prior Distribution.
Where, (a) When w(8,8) = (8 — §)?, the Bayes estimator of ,
m denoted by Op is the mean of the posterior distribution and
S=+ (1) is given by,
Proof: Let the prior probability density function of O, A _ «
which is inverse gamma distribution, be given by, O =E(B/T) = o om(6/t)d6
B8 . . .
pre—(a+De™g After simplification, we get,
m(0) = T,lf@>0,a,ﬁ>0 (22)
0, Otherwise.
A B+T
O =E(O/T) = —

ve(X) = E{w(6,85)/X} = E{(6 — 85)%/T}

_ B+ T)?
Var(® /) = e et
Eo{vs(X)} = E((B+T)” _ SB2+(SB+B)?

(S+a-2)(S+a-1)2  (S+a—2)(S+a—1)2

B+T > } :92{S+(a—1)2}+23(1—a)9+32 _ S8%+{(1-a)0+B}?2
s+a—1) (S+a—1)2 T (S+a-1)2

R(6,85) = Eof w(6,85)} = Eo {(6 —

Remark 1. For r=3, results as above, coincide with that given by Guobing Fan [9], for Maxwell distribution.
(b) When w(6,8) = 872(0 — 8)2,the Bayes estimator of 0, denoted by 8y is given by,
5 J, 671n(8/t)de
" [ e2n(0)de
After simplification, we get,

_E(O7'/T)  B+T
TE®2/T) S+a+1

Ou
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Ym(X) = Egfw(0,0pm)/X} = E{672(6 — By)?/T} =

1
(S+a+1)

Since is a constant, E{yy (X)} =

> S+a+1

R(6,8y) = Eof w(6,8y)} = Eq{672(6 —

1
S+a+1

B+T )2 }: S+(BO~1-a-1)?2
S+a+1 (S+a+1)2

(c)When w(8, 8) = 0727297 (9 — )2, a > 0, the Bayes estimator of 0, denoted by 8 is given by,

J,” 07te 20 n(0/t)de

o ="r= 0-2¢-20""1(0)dO
0
After simplification, we get,
B = E©07 12071 /T)  B+T+a
E 7 E@-2e-2071 /1) T Sta+1
A g1 ~ 1 B+T
ve(X) = Ew(6,8:)/X} = E(® %™ (0 ~8)*/T} = ooy (e ™™™
1 B+T \SHX
So. Ee{vs(X)} = Srarn) L0 {(B+T+a) }
. B+T S+a B+T S+a
Since, 0 < (B+T+a) <1,0 < Eg {(B+T+a> } < 1. Therefore,
1
E X —— =E X
o{ve(X)} < ETEE) ofym(X)}
AN L AN L — _ap-1 B+T+a,, | e 20 (s+(po1+a0 1-a-1)"}
R(e' eE) - Ee{ W(e’ eE)} = Ee {6 Ze70 ®- S+o¢+1)2 }7 (S+a+1)2
Definition: Let yl(X) and Yz(&) be the two estimators
based on Rukhin’s loss function corresponding to two Acknowledgements

different forms of w(®,§).y, (X) is said to dominate vy, (X)
if Eo{v1(X)} < Eofv.(X)}

Since,  Eo{yg(X)} < Eo{ym(X)} . vg(X) dominates
Ym(X).
. _ S8%+(S8+p)? 1 .
Since, Eo{yp (X)} T (S+a-2)(S+a-1)2 T (S+a+1)’ provided
6>1

Thus, Ee{YE(X)} < Ee{yM(X)},for all a, B, and 6 and
Eo{ym(X)} < Eg{ys(X) for all B and 6 > 1. Hence, yg(X)
is most dominant among yE(X), yM(X)and YB (X)

Remark 2. For r=1, 2, and 3 respectively, we get results for
the Half Normal distribution, Rayleigh distribution and
Maxwell distribution respectively.

4. Conclusion

In this paper Bayesian estimation of loss and risk functions
for the unknown parameter 6 of H(r,0) distribution has
been considered under Rukhin’s loss function for three
different forms of w(0,8). This distribution contains Half
Normal distribution, Rayleigh distribution and Maxwell
distribution as special case. The superiority of estimates has
also been studied and it has been proved that when
w(6,8) =027 (9 —5)2, a>0, the corresponding
estimate is most dominant.
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