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Abstract:

In this paper, we are concerned with the the internal control of an elliptic singularly perturbed degenerated

parabolic equation. This parabolic equation models sand transport problem near the coast in areas subjected to the tide. We
study first the null controllability result of the parabolic equation modeling sand transport equation.The limit problem obtained
by homogenization problem is also considered. We use distributed and bounded controls supported on a small open set of the
initial domain. We prove the null controllability of the system at any time by using observability inequality for both problem.
For this purpose, a specific carleman estimate for the solutions of degenerate adjoint limit problem is also proved.
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1. Introduction and Results

This paper, we focus on the study of null controllability
of a singularly perturbed and degenerated parabolic partial
differential equation. This kind of PDE arises from the
modeling sand transport on the seabed in short time. The
model is described in I. Faye and al. [9]. In the case of
linear systems, exact controllability or null controllability is a

{ azt 9

€
2¢(x,0) = z9(z) in T?,

Where A€ and C¢ are regular coefficients and zg € L?(T?).
The function 2¢ = 2¢(t,z), is the dimensionless seabed
altitude at ¢ and in x. For a given constant T, ¢ € [0,T),
stands for the dimensionless time and z = (z1,x2) € T2, T?
being the two dimensional torus R?/Z2 is the dimensionless
position variable.

Existence and uniqueness of solutions to (1) has been
studied in [9] in the framework of periodic solutions if A€
and C¢ and regular and bounded functions and can be set in

widely study by many authors and for various methods see for
example Russell [15], Lebeau-Robbiano [12], J. L. Lions [13].
Many other results of the null controlability of heat equation
can also be found in G. Lebeau and L. Robbiano [12] and A.
V. Fursikov and O. Yu. Imanuvilov [11] and Dubova et al.
[6,7, 8].

We are particularly interested on models on the general form
of:

o .. 2
=+V-Cin (0,T) x T (D

the form A®(t,z) = Ac(t,t,2) and C*(t,z) = d(t,é,x),
where 0 — A(t,0, ), Ci(t, 9g) are 1- periodic in 6. We
have also to recall that the coefficients A€ and C¢ can vanish
and if € is too small, the diffusion coefficient tends to infinity.
The solution z¢ to (1) is bounded in this space and belongs to
L>([0,T), L*(T?)).

Using a result due to Nguetseng [16], [1] and [10], Faye et
al in [9], proved that z¢ solution to (1) two-scale converges to
aprofile U € L>°([0,T), Ly (R, L*(T?))) solution to
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ou

-V (ﬂ(t, y .)VU) —V-C(t,.,.) in |0, T[xR x T2 )

~ ~ 2
where A € L*°(]0,T], L;f(]R, L?(T?))) and C € (L‘X’([O, 7], L%O(R, L? (TQ)))) are respectively the two-scale limits of A€
and C¢.

In this paper, we consider the following control problem: let w be an open subset of T2 and z¢ the solution to the problem

0z¢ 1 '
(522 (0w (5o o). T N
2¢(z,0) = zo(z) in Q,

where f. € L°°((0,T),L?()) and h€ is the control function and zg € L?(), x. represent the charasteristic function of
w C T2
We consider also the following controlled problem,

%(0] _v. (,4( .,.)VU) -v. (5(75, ) +]Iwh(U)). )

Before going further, we will recall the following notions of 29 € L?(T?), initial data verifiying ||29|/z~ < dr, there
controllability. exists, a control h¢ € L*([0,T),L*(T?)) (resp) h €

Definition 1.1.[14] We say that (3) resp (4) is null ~ L>([0,T), L% (R, L*(T?))) such that the solutions z¢ to (3)
controllable at time 7T, for each zo € L?(T?) initial data if  resp U to (4) satisfies 2¢(T,x) = 0 and resp U (¢, 1,x) = 0.
there exists, a control h¢ € L2([0,T), L*(T?)) (resp) h €
L>([0,T), Li(R, L?(T?))) such that the solutions 2¢ to (3)
resp U to (4) satisfies z¢(T,xz) = 0 and resp U(¢, 1, z) = 0.

Definition 1.2. [14] We say that (3) resp (4) is null locally In this paper, we will consider a null controllability result
controllable at time 7, if there exists dp positif, for each  for the systems

1.1. On the Control Problems

9 — V- (Alt,, )VU) = V- (Clt ) + xwh(U)), (6,t,2) € (0,1) x [0,T) x T -
U(0,1,z) = U(0,0,X) = zo(x xET2
and B N
% 1Y (At V=) = H(T G )+ xuh (D)), (12) € 0,7) x T2
2o = 20(2), z € T? (6)
2(T,z) = z1(x), v € T2,
where T > 0 is given, zp, 21 € L?(2) are the initial and We assume that w is bounded open set included in
final data. Moreover, h and h€ are locally distributed control ~ the two dimegsional torus T2. In the following, _
acting on the control region w C €. consider that A € L>([0,77, LF (R, L?*(T?))) and C €
The aim of this paper is to analyze the null controllability o o o /o 2 .
of equations (5) and (6) . In perspective, we will look for the (L (fo, 1, L# (R, L*(T )))) are respectively the two-
behavior of h¢(t,z, U) in system (6) when € goes to 0. scale limits of A(t,z) = A. (t,t,x) and C(t,x) =
Ce(t,£,z). The coefficients A, and C satisty the following
1.2. Presentation of the Results hypotheses

In this section, we analyze the null controllability, using a
locally distributed control acting on the control region w.

0 —s (A.,C.) is periodic of period 1,
x — (A, C.) is defined on T?,
~ ~ 0A _ , loc.| . |oVA|
< < < <
B B O vl IRl vl I B v I 9

ajg aC. ov-C|

- < < < <
50 50| S [VA| < ey, |V-C| <ev, < e,
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3Gypr >0, 0, < 0, € [0, 1] not depending on € such that 8 € [0,,6,,] = .Zs(t, 0,z) > Ginr,

- - %(t70,$) = 0, V./Ze(t,H,x) :O, (8)
Ae(taeax) < Gthr — ag
ot (tvov'r) = 07 \4 'Cs(taga‘r) = 07
and ~
_ s . ~ ~ |10A, .
ICel <[ Ael, [Cel” < y|Acl, VA < ev] Al a1 < €] A, ©)
IVA) 2 _ 5 7 5 T 10C _ o 19C o a7
— < . < — < — <
=572 < el |V -G < e, |5E| < @Al | 5| < A,

where v and QNthr are constant positifs, not depending on e.
For the notion of two scales limits, we refer to [1, 9, 16]

We have the following theorem.

Theorem 1.1. Let € > 0, for any T > 0, under hypotheses
(7)-(9), there exists a unique solution 2¢ € L?([0,T), L*(T?))
solution to (1). This solution satisfies

12l 20, 1),22 () <Y (10
where <y is a constant not depending on .

Moreover, the solution z¢ to (1) two scales converges to
U e L*([0,T), L3 (R, L*(T?))) unique solution to (2).

Proof The proof of this theorem is done [9].

We have also the following theorem

Theorem 1.2. Letw C T? and € > 0, under assumptions (7)-
(9), the system (5) is null controllable at any time 7" > 0. In
other words, there exists a control h¢ € L?([0,T) x T?) such
that the solution 2¢ to (6) satisfies 2¢(7,-) = 0 in L*(T?).

We have our second null controllability result via the
following theorem _ B

Theorem 1.3. Assume that A and C are the two scales
limits of A€ and C¢ satisfying (7)-(9), there exists h €
LF (R, L*(R,T?)) such that the solution U to (5) satisfies
U9,-,-) =0in(0,7) x T?).

T
/ lw(t,0,z)*dr < C’O(']I‘Q,w,'y,gth)/ /w(t,&,x)zdxdt?.
T2 0 w

where w is solution to the adjoint problem (5).

The proof of theorem 1.2 and theorem 1.3 are done in
section 3.

In the following, we consider the solution w to the adjoint
problem to (6) given as follows

9w 4 V- (A(t,.,.)Vw) =0in (0,T) x R x T2.
w(t,0,z) = w(t,1,x), v € T?.
w(0,0,z) = 2(x), = € T?.

(11)
and the solution y¢ to the adjoint state (5):
WLV (AVY) =0 Qr = (0,T) x T2
ys(x’o) = ZO(x)a S Tz (12)

y(x,T) =z}, » € T2

The corresponding observability inequality is given by the
following result. B _

Theorem 1.4. Let A and C as in Theorem 1.3, Let T" > 0, be
given and w C T2, then there is a constant Co(T?,w, 7, Gip)
such the solution w € L>((0,T), LF ((R, L*(T?)) of the
adjoint state (11) satisfies

13)

In the same way, assuming that hypotheses (7)-(9) holds, and considering y* the solution to the adjoint problem (12) we have

T
/ w0 (0,2)2dz < Co(T2,w, 7, Gon) / / W (b 2 d.
T2 0 w

2. Inequality of Observability

2.1. Proof of Theorem 1.4

As is classical in controllability theory, the result of theorem
1.4 can be given a dual form, introducing the so- called adjoint
system of (5)

9w 4 V- (A(t,.,.)Vw) =0in [0,T) x R x T?
w(t,0,z) =w(t,1,2), (t,z) € (0,T) x T?
w(0,0,7) = 29(z), x € T2

5)

T
/ ‘w(t707$)‘2d1‘§ OO<T27W)’Y7gth)\/ /w(f,@,x)le‘dﬂ
T2 0 w

(14)

In this equation, ¢ is only a parameter. The function § —
w(t,,x) is 1 periodic.

The null controllability of (5) is equivalent to the following
observability of the adjoint problem

Theorem 2.1. Let A and C be the two scale limits of A¢
and C¢. Let T' > 0, be given and w C T2, then there
is a constant Cy(T?,w,,Gsn) such that the solution w €
L>=([0,T), LF (R, L*(T?)) to ( 15) satisfies the following
observability result

(16)
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Proof Multiplying (15) by w and integrating over the T2, we get
1d

-4 20y — A 2>
53 L v /TQA(t,.,.)Nw| >0 (17)

Because of the fact that, the second terme is positive, we get

1d

il 2dx < 1
2df Tzw v=0 (18)

proving that the application ¢ — sz w?(t, 0, x)dx is nondecreasing.
Then we have,

1 1
7/ w?(t,0,z)dx — f/ w(t, 0, x)dx < 0. (19)
2 Jo 2

T2

Integrating from from %1 to %, 61 € [0, 1] with respect to 6, we have

2 2 [ 2
w(t,0,z) dr < w(t, 0, ) dxdb. (20)
T2 9]_ 01 T2
4

Let R, o and p given as follows,
o(6,z) = 6(6) (625“‘””& - es“”(x)) and p(t,z) = rsf(t)e*?®)

where B ) N
Vo € (0,0,), 0(0) = (m) :

then, the following equality holds

301

1 /4 / p%w(t,e,x)2e_2R”dxd9 2n
g o

301 21,5 o—2R
=t x T?}pze—2ko

2
/ w(t,0,z)dr < — 5
T2 01 inf (%,

Following the idea developed by Cannarsa et al [2], there exists a constant C' depending on T? such that for all 6; € [0, 1]

36, 36
4 4
/ / p%w(t,ﬁ,x)2dxd9§0/ / pPw(t, 0, x)%e 2R dedh (22)
5 Je o5 e
Hence, we get
301
/ w(t,0,2)%dr < 3C’ ! . /T/ pPw(t, 0, z)%e 1 dxdh
R T 01 infp &, 3% x T2)pie2R Jor  Jpe Y
0
<cC / / v2(t, 0, x)dfdz. (23)
0 w

We consider also, the adjoint state of (2)

WLV (AVY) =0, (t,2) € Qr = (0,T) x T2
y<(x,0) = z(x), z € T? &9
Yy, T) = 25, = € T2

We have also, the following lemma _
Theorem 2.2. Let T > 0 and € > 0, under assumptions (7)-(9), there exists a constant Cy(T?, w, v, G;1,) such that the solution
y€ to (24) satisfies the following equality

T
/ (0, z)[*dz < CO(TZ,OJ,'Y;gth)/ /ys(t,x)dedt. (25)
T2 0 w
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Proof We proceed in the same way, as in the proof of the above theorem. Multiplying equation (24) by y¢ and integrating over
T? we get
1d

2dt

As the second term is positive, we get from the last equality the following equality

WPty = ¢ [ AtV Pda >0 6)

1d

€\2
T Az(y )4(t, z)dz > 0. 27

Hence, the application ¢t — fw )2dz is nondecreasing and we have

/ (y)*(0, z)dx §/ (y*)%(t, x)dx (28)
T2 T2
giving
/ (y)?(0,z)dx < —/ / 2(t, x)dxdt
T2 T2
<2 L / ' / p°(y*)2 (¢, w)e 21 dudt, (29)
Tinf(L,23L) x T2}p2e—2R7 Jo Jpe

where R, o and p are given in the proof of the above thoerem. Using a result Cannarsa et al.[2] recalled in the proof of the above
theorem, we

2 1 T
N2(0, z)dr < — c// t —2R”ddt<c// )2dxdt, 30
JRCK e < e ) L6 vit,  (30)

where C' depend on the domain T?, w and T'.

2.2. Equivalence Between Null Controllability and Observability

This section is devoted to the proof of theorem 1.2 and theorem 1.3. Thus, in other words, (5) and (6) are null controllable.
Suppose (5) is null controllable and the control & is bounded. Let U be the solution of (5) and let h € L?((0,T), L*(Q) € L?(Q2)
be a control steering the solution U of (5) with U (0,0, -) = zp(x) such that

1
//|h(t,9,a:)|2dxd9SC(’]TQ,w,T) 10(0,0, ) 2dz. 31)
T2 JO T2

Then, multiplying (5) by w and (24) by U, and integrating by parts over T? leads to

a—de:c + AVU.Vwdz = / hwdz (32)
T2 00 T2 w
ow ~
—Udx — AVw - VUdzx =0, (33)
T2 00 T2
then, we get, by summing the two expressions
4 Uwdx = / hwdzx (34)
df Jpe L '

Integrating from O to 6, € [0, 7], and taking into account that U (¢, 61,0) = 0 we get

hvdzd@‘

lw(0, z)|?
’]I‘Q

1/2 1
<12 ( w(O,O,az)|2dm) (/ / |w(t,9,x)2dxd9)
T2 0 T2

T2

1/2
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giving the result.
Conversely, assume that we have an observability equality for the solution w to (15) and let zy € L?(T?).
For any € > 0, we consider the functional

1/t 1
:7/ / |h|2da:d9+—/ (1, ) 2d,
2 0 T2 26 T2

where, for every h € L2(R x T?), u” denotes the corresponding solution of (5). By a straightforward convexity argument, .J,
attains its minimum at a unique point, say h. € L?(R x T?). Then, writing u¢ for ", Fermat’s rule yields, for all g € L?(Q),

/ hegdxdt + — / u (T, z2)U9(,z)dz =0 (35)
T2

where UY is the solution of the problem

W _ . - ; 2
{39 v (AVU) 9Xw (£,0,2) in (0,T) x R x T 6

U(0,0,2) =0 x € T2
Now, let v€ be the solution of (15) with
1
v (z) = ~U(1,x), x € T?
€
and multiplying (36) by v€ and (15) by U9 we get

d
— g € = €
&0 s U%vedx /wv gdxdt.

1 1
7/ Ue(l,x)Ug(l,x)dx:/ /vegdaﬁdt
€ Jr2 0 Jw

which, combined with (35), implies that h® = —x,v°. Therefore, by a same argument, we get from (36) and (15),

Hence

d
— Uevgd:v:—/ [v€|2da.
dt oo .

Then, integrating over [0, 1] and recalling that w*(1,z) = 1U*(1, z), we get

1 1
f/ |UE(1,x)|2dx—|—/ /|U6|2d$dt=/ uo(x)ve(0, x)dz.
€ Jr2 0 Jw T2

Thus, using observability inequality (25) to bound the L?-norm of v¢(0, .), one obtains

1
\u(1x|dx—|— //|v|dxdt<C/ lug()|*de,
€

ht = _vaea

1 1
! |UE(1,x)|2dac+f// |v€|2dxdt§/ o (2) 2,
€ Jr2 2 w T2

So, the weak limit, say hO, of h&i along a suitable sequence € — 0 satisfies (5).

where C' = C(T,w, 1). Since

the last inequality reads as

3. Carlman Estimate

In this section, we give Carleman estimate of the solution W solution to (5) . Carleman estimates are weighted Sobolev
inequalites satisfied by the solution. For all s > 0, let us define the weight function (6, ) such that

W (t,0,z) = e** 02U (t,0, ), (37)
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where U is solution (5). Then we have
U(t,0,z) = e *?0DW(t,0,z).

Replacing U in (5), we get

(38)

(39)

(40)

W — V- (AV(e™**W)) = V- (C) + xwh(U).
In the following, we recalculate, based on data, all the terms of the equation (39) in order to reconstruct it. Because of this, we
get
—sp
A = [+ gl

and

AV(e™**W (0,2)) = A [~sVpe *?W + e **VIV]
giving

V- (AV(e **W(0,2))) = —sVAVpe **W + VA *VW — sAApe P W
+2A|VpPe*%w — 2sAVOVWe ™% + e Y AAW.

Then, equation (5) becomes

ou A — M A (o= 5¢
A (Avu) = o~V (AV(e W)
_sem5 [_Sg‘gw + %V + VAV — s> AV *W + 25 AVVIW - V - (VZVW)}

Then, the solution W solves the following system

e W) V- (AV(e**W))

e [—s‘g—gw + W VAVW — s2A|Ve|*W + 2sAVeVW — V - (XVW)] =V (€ + xuh(U)).

In the following, let’s define the following operator P by

PW = %V — V- (AVW) + 25sAVVI + (

W defined by (37) is solution to

&p_

~538 S |VoPA + sV - (AV))W

PW:eWV~(c~+h) in R x T2

We are now interested in the adjoint operator P* of P defined as follows (PW,V) = (W, P*V).

‘We have
15114 ov
(Frv)=-(%%)

(~AW, V) = (W, ~AV)

Multiplying (44) by V and integrating, we get

(%—Igv — AAWV — VAVWV + 25 AVVWV) + (—s%ﬁ = S |IVeP A+ sADp + sVAV) WV
- %‘g —AWAV + VAVVW — 2sAVeWVV + (—sg—‘g — |V’ A+ sAAp + sVAV)WV
- W[—%—‘e/ — AAV — 25 AV@VV + VAVV + (—sg—‘g — SPAVel + sAAp + sVAVp)V]

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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Thus, the adjoint operator P*V is identified as follows:

PV = —aa—‘g — V- (AVV) — 2sAVpVV + (— 5%9 — S2A|Vy|? — sV - (AV))V

and we define the two operators PTW and P~ W, as the following
Prw = %[PW + P
P~W = %[PW — P*W]
giving directly
PW = P*W + P"W = ¢*V - (C+h) in R x T,

From (44) and (48), we have

P = 7[5% _V - (AVW) + 25AVOVIV 4 (— sg—e — $?| VP A+ sV - (AV)W
oW

T 4V (AVW) — 2sAVOVW + (— s s2A|Vy|? 4 sV - (,Zw))w}

00 06

PTW = <—sge $?|V|2 A+ sV - (,Zw)) W

and

1.0W

PW =[5~ V- (AVW) + 2s AVOVW + (— 58——52\w| A+ sV - (AV)W

00
ow

o0

+o— + V- (AVW) + 2sAVOVW — (— sa——32A|w\2+sv (AV )W

00 00

from which we have

P W = aavg + 25 AVVW + sV - (AV))W

We have the following lemma.
Lemma 3.1 Let D = [0, 1] x T?. The following identity holds

(PTW, P~ W) 12(p) = / / a‘pW—d o — 2s / / P20 AWV W dzdd
Tz T2

Oy ~ OW
2 2 \k Wi
s / 5 oAgpAW dzdf — /0 11'2| pl“A ) dxdf

1
—233/ / |V<,9|3|A|2WVded9—s3/ / IVoPAp| A*W2dzdd
: 0 T2

1 1
+$/ A@AW%—dedG—F% / / AV | APW VW dzdd
T2

/ / |Ap 2| APPW2dadd

Proof We have the following equality
(PTW + P W)= |PTW]2+2< PTW,P~W > +||P~W|?

Then we have,
|PW|? = |PTWI|?+2< PTW,P~W > +||P~W|?,

120

(48)

(49)

(50)

(51

(52)

(53)
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and
2(PTW, P~W) < | PW|?

2 < PTW,P~W >< ||e*?(V -+ h)|>. (54)

Replacing each operator by it’s expression we have

(PTW,P~W) = (<529 — $? |V A+ sV - (,Zw)> w, aa—‘g/ + 25 AVOVW + sV - (JV@)W) ,

and because of the linear of the scalar product we get directly.

ow
00

-1 =1 =I5

(PTW,P~W) = (( 38—‘” — 2|V P A+ sANp)W,

a0 ) + (P+V[/7 2sflV<pVW) + (P*W, sV - (KW)W)) .

Developing term by term we have,

Oy oW Oy - 4%
I = r g2 A = —s=2 — &2 2A A
1 (( 580 sVl A+ sA o)W, 50 ) ( 550 % V| A, 50 )L?(D) (( sA )W, ' 50 )LQ(D)) (53)

~ a
_ + I g2
I, = (P W728AV<PVW)L2(D) = ( 880 V|2 A, 28AV<,0VW>

+ (v (AVW), 25ﬂv¢vw) . (56)
L2(D) L2(D)

and

N A ~
I; = (Pt : = - 2
s ( W, sV (AW)W)L2(D) <( sop = SV AW, 5V - (AW)W>L2(D)

+ (v (AVW), sV - (AV)W (57)

)L?(D) ’
Combining the formulas giving in (55), (56) and (57), we get for (PTW, P~W)p2(p) the following expression

+((odagw 23) .,

+ (v (AVW), 2sﬂwvw)

wmuwmmszsa—§W|m

a0 "0 )H )

+ (( sg—e — $?|Vg|PA)W, 25vaw>

L2(D) L*(D)

+ (( s22 — $2|Vp|2A)W, sV - (,ZW)W> + (v (AVW), sV - (AV)W
09 12(D)

)LQ(D) '

giving

(PYW, P~W) 5// (ZZ’W) g dwdd — 2 //(a‘pw) (AV VW) dzdf
T2
1
32// (a‘pw> (AAW)dzdo — 52 // (|v iV >dmd9
o Jr2 o0

1
_253/ / |V<P|2AW) (AVeVW)dzdd — 33/ / |V<p|2AW) (AAQW)dzdo
0 /T o Jr2

1
+s / (AAQW) —d:cd@ + 252 / (AAPW)(AVVW )dzds.
T2 o Jr2
Proposition 3.1 The following identity holds

_ Do 0% A
+ 5 _ 2 2 2 2 2
(PT™W,P™W)r2p) /T? [( 8786 — S2AV o)W } d:c+s/ (‘392W dzdf + s* / 50 lo|*W*dzdo
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~0 ~r 0 8W8W Op -
—|—52/DA80|¢2W2dxd9+s;/DA[am 925 00 )}d d9+28/ [V(s%+82|V@\2A)

J

+(sa— n 32|w\2vjﬂ Vo W2dzdd + 2 / 9% ANoW2dzd + 25° / A2V 2 ApW2dzdd
Y, L 90 .

(- 22 _ 2v,p A)V - (AV)W2dado

+4s / (AVAVW|? + A2VoVW AW )dzd + s / e
D

D
+5° / IV - (AV )W 2ddd
D

Proof 1t is enough to develop the integrals I1, I> and I3 and by simplifying some expressions to obtain the result. We also
consider the fact that the function ¢(z, ) belongs to C°°([0, 1] x T?) and is 1-periodic with respect to the variable . Following

this idea, we have
ow

de
= + _— = —8§— — 2
Il—(P , 89) (( 880 s?|V|2 A+ sV - (AV(p)) 89)

_ 9% oo\ oW
7/0( 530 %V |A> ed:cd9+/ (AV)W 20

Integrating by parts the integral /; with respect to the variable 6, and using periodicity, we get

11:/ [( $22 L 2 qvep )W?} dr+s [ ELw2apdn + 52 / %|¢|2W2dxd9
']1‘2

00 p 062
+s / Aaem 2W2dxd6 + s/ Z 5 ach) %Vd df. (58)
The last term of (58) can be written as follow
Jp = SZ/ 22 gz il +Aa§:] (aaz)waa%d b, (59)
Integrating J» by parts in the first term, we have
2 = Z/ ax, axj aa?) * ai] (fiﬁ )Waamd 40, (60)
and then,
Jy = s/ AAgodaWdedH—&- / Ag;’; £J(239W2)d wd 6 61)
and
=5 / W2 AA@)dxd9+s / Aw@vw‘ldme (62)

Then we have

Oy 2 2 2]t 8 2 / 2
I = —_——
1 /11‘2 {( 559 AV |2 )W }OdaH-s 892W dzdf + s* 20 \<p| W<dxdf

-0 d
2 22 _ 27 (AA — 2 .
+s /DA&‘)M W2dxdo S/DW dG(A gp)dwd@—l—s/DAVgoneVW dzdo (63)
For the second term, we have also

I = (P*W,QS,ZWVW)LQ(D) - ( < 08 2V At sy (th)) W,Qsjwvw)

00 L*(D)

— 5807 2 2 T it
- (( sor = IV P AW, 25AVQ0VW> oy (sv (AV)W, QSAWVW)Lz@)‘ (64)
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The first scalar product can be written as follows

- ~0 ow
J J

giving
Jg—SZ/ 5 37+52|v |A) - }W%l do.

Deriving and regrouping the semblable term, we get

Jy = 2s /D [v (sg—‘g + 52|V<p|2£),1+ (sg—a + sﬂwﬁvﬂ)}w W2dadd

0 ~ -
+25? / —('OAAQOWdedG + 253 / A2 Vp|2ApW2dzdd
p 00 D
The second term of I satisfy the following

Ty = 2(v (AW, 25,ZWVW) iy = 48 /D V - (AVW) AV oV W dzdf
Developing the expression Jy, we get
Jy = 4s /D (VAVW + AAW) AV VW dzd = 4s /D (AVAV|VIV | + L2VoVW AW ) dadd
giving for I5 the following equality
I = 25/ [V(S%Q + 82|Vl A)A+ (sg—e + 82|Vl VA)]W W2dedd + 25° / 92 ANeW2dzd6
253 /D A2|VoPApW2dzdo + 4s /D (AVAV|VW|? + A2VeVW AW ) dzdf

For the integral I3 we have

Iy = (PTW,sV - (AV)W)12(p) = <( 3%6 — $*|Vg|? A+ sV - (Zv@) W, sV - (,Zw)w>
L2(D)

- s/ ( - 387 - 52|VS0|2A> (JZV<p)W2dxd9 + 52 / IV - (AV)[2W2dado.
D 00 .

By combining the formulas (63), (70), (71), we get the desired result.

(65)

(66)

(67)

(68)

(69)

(70)

(71)

Lemma 3.2 Let W be the solution of (37) and PT and P~ defined by (52) and (53). Then we have the following estimates:

1 1
2(P+W,P—W) 2453/ / A2|V¢\2A¢|W|2dxd9+4s/ / AVA - Vo|VW|?dxdd
0 T2 0 T2

proof The proof of this lemma follows from minimization of the each term I;, I and 5.
We have also the following proposition

(72)

Proposition 3.2 Forall s > s and forall W € L?(R, L*(T?)) verifying W (6, z) = e*¢®*)U (6, z), where U is solution to

(5), we have the following estimate

1 1
c/ / A(5|VU|2 +s3|U|2>d:cd0 < / |e?(V - C + h(0,2))*dxdb.
0 D 0 T2
Proof Tt follows from (54) that
1
| [ 127 € o, Pods = | W
0 T2

|PWI[* = I(PTW, P=W)||* = ||[P*W ] + [|[P~WI]* + 2(P*W, P~ W) 2(p).-

(73)
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we deduce that,

1
2PW P Wpamy < [ [ [e9(V €+ b6, )] Pdad
0 T2

Thus, because Lemma 3.2,

1 1 1
33/ / A2|V<p|2A<p|W|2da:d9+4s/ / AVA-WWWPdmeg/ [[e52(V - C + h(0, x))|[Pdzdd  (74)
0 T2 0 T2 0 T2

In consequence, for all s > so and VIV € L£L>2(R, L2(T?)) given by W (t, 0, x) = e5?(®:*)U(t, 0, w), we can rewrite inegality
(74) in terms of U. This equality, called Carlemann inequality is given by

1 1 1
53/ / A2|V¢|2A¢|U|2d:pd9+4s/ / AVA-W\VU\Zd:cdeg/ / [[(V-C+ h(8,2))|>dzdd.  (75)
0 T2 0 T2 0 T2

3.1. Estimates of (P*W,P~W) and ||P~W||?

Lemma 3.3 Under assumptions, there exist constant such that, the term (PTW, P~W) satisfy the following estimates

1 1
[(PYW, P~W)] g(?l/ / \W|2dxd9+é’2/ / VW [>dzdf
0 T2 0 T2

where C; and C are two constant depending on s, A and

®.

Proof The proof is done in fews steps. We first estimates

each term of the scalar product (PTW, P~W).
Denoting by I; the following integrals, we have

oo OW
Il_( aeW’ ae)

e
<[ L[5
<s [ [ 158 [omwe] a
< [ [ % wea

_5HW||L2(0,T,L2(T2))

a‘pW— dzdt

/\

Estimate of

Op
I = <889W QS.AVQDVW)

|12|§232/ / ’&Owj‘wvwmxdo
< 25? / / |<pV<p|| ||WVW|da:d9
323201/ / —V|W|*dodx
0 T22

1
§S201/ |VIV|?
0

Estimate of I5

1
Iy = — &2 / ‘pAWQdmdt

=Cs? / / |W | dxdt
']1‘2
Estimate of I,

L] = & / [.ve |A‘W
<C4S //
’]I‘Q

< <
C,ys* /Tz/ 2d9|W| dfdz <0

Estimate of I5

dxdf

dex

1
I5] = 53/0 /1T IVl AP (W9

1 N2
<2 [ [ 19l (el Al) [wewlar

1
320533/ / VW |2dzd6
T2 J0

Estimation of g
1 ~ ~
Is :/ / (5% Vo 2AW)(SAA W )dadt
0 T2

1
< Cgs® / W2dxdt
0 T2
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Estimate of I

1
I7 :s/ / Ag&AWa—dedG
0 ']I'Q at

! 10
SC’S// = \W?| dxdt
4 0 '[[‘2 2 d8|
<0
Estimate of Iy
_ Oy 7.2 2 T
Iy = (— s — AV W, sV - (AW)W)

< Cg/ |W |2dxdf
D
Estimate of gy

Iy = ( — 25V - (AVW), sV - (,ZW)W)

< 09/ VW |2dado.
D

4. Conclusion

In this work, we are interested in the null controlability
of a degenerated and singularly perturbed partial differential
equation. We therefore show the controlability at any times T
by taking inspiration from an observability result. A carlmann
estimate is also proven. It would therefore be interesting to
look at the numerical aspects of these problems.
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